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INTRODUCTION 
In a previous paper [6] we considered the problem of finding the stresses and 
displacements in a body made up by an elastic-perfectly plastic material under a 
given time-dependent load. Following Duvaut-Lions [3] this problem was 
formulated as a variational inequality, and we proved existence of a (strong) 
solution of the variational inequality. In this note we shall carry out the same 
program in a more general case of a hardening elastic-plastic material. 
The properties defining an elastic-plastic material in mechanics are usually 
taken to be (i) the yield condition, (ii) the flow rule and (iii) the hardening rule. 
One of the most well-known models in mechanics for plasticity is based on the 
von Mises yield condition, the Prandtl-Reuss flow rule and isotropic or kinematic 
hardening. The main assumption in this note concerning the elastic-plastic 
material is that the yield condition can be written 
where u is a stress vector and .$ E Rm is a vector of hardening parameters and F 
is a convex function of (0, 0. This convexity assumption is satisfied for the most 
commonly used models in mechanics, such as for instance the one mentioned 
above. 
In Section 1 we formulate the plasticity problem as a variational inequality 
thereby extending the formulation of Duvaut-Lions [3] to the case of a hardening 
material. The formulation is inspired by [5]. In Section 2 we then discuss the 
relation between this formulation and formulations used in physics. In Section 3 
we prove existence of a strong solution of the variational inequality. Finally, in 
Section 4 we prove under certain special assumptions a regularity result for the 
displacement rate. By C we will denote a positive constant not necessarily the 
same at each occurence. 
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1. FORMULATION OF THE PLASTICITY PROBLEM 
Let us introduce some notation. Suppose that the elastic-plastic body occupies 
a bounded region Q in R3 = {x = (xi , x2 , xs): xi E R} and let I = [0, T], 
T > 0, be a time interval. By u = {uij} E RO, i, j = 1, 2, 3, we shall denote 
stress vectors depending on (x, t) E Q x I with components oij such that aij = aji . 
Stress vectors will also be denoted by T and x. Below we shall use the convention 
that repeated indices indicates summation from 1 to 3. Also, derivatives of non- 
smooth functions are to be interpreted in the distribution sense. Hardening 
parameters will be denoted by vectors E, 7, 5 E Rm (m a positive integer) depending 
on (x, t) E Q x I. Define 
VP = LP2113~ l<p<ao, 
v= v,, V’ = T/,* , $+$=I, q=2 or 3, 
R’ = (T = {~ij} E R9: 7ij = T.ji}, 
R = (T = {Tij} E [J&(Q)]~: Tij = Tji>, 
H = f-f: x [L,(Q)]“, 
.W = ((7,~) E H: DT E V}. 
For u = (ui ,..., u,J, w = (wl ,..., w,) E Rn, we define 
(11, W) = f UiWi 7 1 u j = (24, zy, 
$4 
and for u = (ui ,..., U& w = (wi ,..., w,) E [L&2)]“, we define 
(us 4 = j-D (44, w(x)) & /I 24 I[ = (24, u)l’2. 
In particular we have 
(7, X) = j, TijXii dx, 7, X E Ii, 
and /I T // = (7, T)~/‘, 7 E 17. Furthermore, let 
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where the Aij,.h are elasticity constants such that Aijkh == Ajikh = A,,<? and for 
some positive constant j5?, 
Let F: Rs x R”” - R be a given continuous convex function such that 
F(iT<j), t> =F({~ji}, 0, ({qj}, 4) E Rs x Rm, (1.1) 
and define 
B = ((7,~) E i? x R”: F(T, v) < O}. 
We shall assume that 0 belongs to the interior of B (in i? x R’“). Also, define 
P = ((7,~) E H: (7,~) (x) E B a.e. in Q>, 
.P=PnX. 
EXAMPLE 1. In Section 2 we shall discuss the following choice of the function 
F (von Mises yield condition): 
(a) F(T, rl) = 17 I - (1 + m), (7, v> E R6 X R. 
. 
where Tij = Tij - 6,jT, , 7, = $Ti< , y is a positive constant and 6ij = 1 if i = j, 
Sij = 0 if i # j. The stress vector 7 is the so-called stress-deviatoric given by T. 
(b) F(T, 7) = / T - ye 1 - 1, (T, 7) E i? X i?. 
The cases (a) and (b) correspond to isotropic hardening and kinematic hardening, 
respectively. 
Let ill’ == [H,$J)13, where Hi(Q) is the closure of C:(Q) in the norm 
The displacement rate will be given by a function w :: (q , ~a , z1.J: I + V’ (or 
V: I -+ V in Section 4). Given w = (wl , w, , w3) E V, we define E(W), the strain 
rate associated with w, to be the vector function in fii with components 
i aw. aw. 
44 = 1(* + 3 a3ti ) . 
Note that by Green’s formula, 
(E(W), T> = -(w, W, f.“Ev, TES. (1.2) 
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Let us also recall Korn’s inequality (see e.g. [3]): There is a constant C such that 
II W ily < C 11 E(W)lI , WEV. (1.3) 
Finally, let f : I + I/ be a given continuous function such that f(0) = 0. Let y 
be a positive constant and let u’ = duldt. We now propose the following formula- 
tion of the 
PLASTICITY PROBLEM. Find ((0, 0, v): I+ g x I” such that a.e. on 1, 
~(a’, T - u) + r(Q, -q - 5‘) + (v, DT - Da) 3 0, (7,~) CP, (1.k) 
(w, Da) = (w, f), WE V’, (1.4b) 
(5 5) (0) = 0. (1.4c) 
Here (1.4a) is the flow-hardening rule and (1.4b) is the equilibrium equation. 
No boundary conditions are imposed on the stresses. This means that we 
consider the case when the displacements are prescribed on the boundary of Q. 
It is possible to obtain a formulation of the Plasticity problem not involving ZI. 
To this end we define 
E(t) = ((7, q) E &‘: Dr =f(t)}, 
K(t) = E(t) n 9. 
If u satisfies (1.4a), then u(u’, T - u) f r(g, rl - [) > 0 for (T, 17) E K(t). We 
thus have the following alternative formulation of the Plasticity problem: Find 
(a, 4) (t) E K(t), t ~1, such that a.e. on 1, 
Q(u’, T - “) + &f’, 77 - 5) > 0, CT, 77) EK(t), 
(0, 6) (0) = 0. 
(1.5) 
2. THE FLOW-HARDENING RULE 
In this section we shall comment on the relation between (1.4) and some 
formulations of plasticity problems used in physics. We shall first give an 
alternative formulation of the flow-hardening rule (1.4a). Let us then assume that 
v: I + V and that the gradient of F exists in a neighborhood of the boundary 
of B in f16 x Rm. Define 
z = ‘(V) - Au’, 
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where A: RB + Rg is the linear mapping given by (AT)ij = AijkhTkb , T E R9. 
The quantity z is the plastic strain rate associated with v and u. Using Green’s 
formula (1.2), we can now write (1.4a) as follows: 
+, T - u) + r(4’, 7 - t) 3 0, (7, 7) E 9. 
Thus, for a.e. t E I, we have a.e. on Q, 
-(El, T - u) + y(P, 71 - E) 3 07 (7,711 E B. (2.1) 
Here and below we supress the argument (x, t) for the functions 2, (7, 6 and 5’. 
IfF(a, [) < 0, i.e., if the material is in an elastic state at (x, t), then we conclude 




z=o . . 
.$‘=O l* 
F(u, f) <: 0. 
On the other hand, if F(o, [) = 0, then it follows from (2.1) that (Z, -p) is an 
outward normal to B at the point (a, 0, i.e., for some nonnegative h -= X(X, t), 
(Ib) EI = h f (a, [) 
if F(u, 5) = 0. 
Wb) 
aF 
YE’ = --x ag (0, E) 
Here aF/Za E i? and aF/af E R”” are vectors with components aFjauii and 
#‘/ati , respectively. Furthermore, it is easy to see that (2.1) implies 
(Ic)(IIc) A=0 if F=O and f (5' + -$ E' < 0 at (a, E), 
assuming that u’ and f exist at (x, t). This case corresponds to unloading. 
The flow rule is given by (Ia)-( Th is is essentially the Prandtl-Reuss flow 
rule, or normality principle, as presented in physics. The hardening rule is 
given by (IIa)-(IIc). The hardening rules used in physics are formulated dif- 
ferently. Note that (I), (II) can be viewed as an (extended) normality principle 
(c.f. [5]). 
Let us now compare the hardening rule (II) and the hardening rules for 
isotropic and kinematic hardening used in mechanics. Let us first consider the 
case of isotropic hardening and let us then adopt the von Mises yield condition 
for isotropic hardening, i.e., we choose 
F(T, 17) = ‘i= I - (1 f 4, (T, 7) E R6 x R, 
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where 111 is a positive constant. The hardening rule for isotropic (strain-) 
hardening used in mechanics is 
On the other hand, in this case (IIb) reads yP = Xa. But, as is easily verified, 
) ~F/&J 1 = 1, so that by (Ib) one has X = \ z 1. Thus, (IIb) can be written 
yr = ~11  E” 1 and we see that (II) and (IIr) are the same if we choose y = (Y. 
Let us next consider the case of kinematic hardening. Again, let us adopt the 
von Mises yield condition, this time for kinematic hardening: 
F(7,17)=j5--+jI-11, (7, 7) E f76 x P. 
In mechanics the hardening rule is written 
(II,) f’ = CG. 
Since in this case iYF/+ = --cl(aF/a 7 , we get using (Ib) that (IIb) can be written ) 
~5' = -x(aFjaf) = d(aqaa) =&c. 
Thus, again we see that (II,) and (II) are the same if we choose y = 01. 
3. EXISTENCE OF A SOLUTION OF THE PLASTICITY PROBLEM 
A necessary condition for existence of a solution of (1.5) is clearly that 
K(t) # m for t E I. We shall make the following somewhat stronger assump- 
tion: 
There exists i(t) G (x, 4) (t) E K(t), t E 1, with 2(O) = 0, such that for 
some positive constants C and 8, 
/ 2 (% t> 1< c, (x,t)EQ Xl, j=O,1,2, (3.1) 
(I + 6) f(x, 4 E B, (x, t) ED x I. 
Remark. Note that if F is defined as in Example 1 and if f is sufficiently 
smooth, then assumption (3.1) is satisfied; we can then first construct x satis- 
fying I(+/@) (x, t)l < C for (x, t) E Q x I, and then choose 5 smooth and so 
large that (1 + 8) 2(x, t) E B for (x, t) E Q x I. 
For X a normed space and 1 <.p < co, we define P(X) =D’([O, T]; X). 
We can now give the existence result. 
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THEOREM 1. Let q = 3. If (3.1) holds then there exists a soktion ((u, t), v) of 
(I .4) satisfying 
(a, 5) ELm(H)Y 
(u’, 5’) E L2(H), 
ZJ E-v3/2)* 
The pair (a, 5) is uniquely determined. 
Proof. The proof is, except for some obvious modifications, the same as that 
of Theorem 2 in [6]. Let us here only indicate the main steps of the proof. Let 
us write B = (a, [), + = (T, 7) and let [., *] be the scalar product in H defined by 
[4 $1 = j P(x), WI dx, 6, i E H, 
where [a, +] = Aijthaij7,, + yfiqi , 8, + E Rs x R”‘. Note that this scalar pro- 
duct defines a norm in H equivalent to the norm 11 . ~1 . 
We shall first consider the following regularized version of (1.4) depending 
on two positive parameters p and v: Find (B,, , uL’,,): I+ H x 9’” such that a.e. 
on I, 
[Kw 7 +I + [Ju’(~,,>, 41- (+w>, T) = 0, i E H, 
v(+u”>, +J)) + (%” I E(W)) = (f, u>, zc E VP, (3.2) 
&“(O) = 0, 
where 
Ju’(?) = +- (; - Ii?), + E H, 
and II: i?s x Rnt --t as x Rm is the projection on B w.r.t. the scalar product 
[*, .I. Existence of a solution of a time-discretized version of (3.2) can be proved 
by using a theorem about existence of saddle points (see Ekeland-Temam [4, 
p. 1613). By letting the time step tend to zero, we then obtain a solution of (3.2). 
The a priori estimates required for-this limit process are easily derived. 
The next step in the proof is to establish certain a priori estimates for solutions 
of (3.2) with bounds independent of TV and V. Arguing as in [q using assumption 
(3.1), one obtains the following estimates: 
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where the constant C does not depend on TV and V. Letting v and p tend to zero 
using (1.2) te rewrite the equations, we then obtain a solution of (1.4) satisfying 
the requirements of the theorem. 
Finally, to prove uniqueness of 6, assume that (cil , V) and (6, , w) are two 
solutions. Using (1.5) it is then easy to show that 
0 > [I?,’ - 6,’ ,6, - S,] = $$[6, - 8, , fY1 - S,] 
which proves that B, = 6,. This completes the proof of the theorem. 
4. A REGULARITY RESULT 
In this section we shall assume that 
where F satisfies (1.1) and 
G: R9 -+ R is convex, 
Y: R + R is concave, 
(4.la) 
G is homogeneous of degree one and smooth except at 
7 = 0, 
(4.lb) 
dY 
- is continuous on R and there is a positive constant d 
4 
such that (4.lc) 
d<F<+ on R. 
An example of a function F satisfying these conditions is given in Example 1 
above. Note that (4.lb) implies in particular that 
We shall prove the following result, which is a sharper version of Theorem 1. 
THEOREM 2. Let q = 2. If (3.1) and (4.1) hold then there exists a unique 
sobtion ((~7, 0, w) of (1.4) satisfying 
(a, 6) E L”(m (0’7 I’) EL2(W, 
w E L2(?@-). 
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Proof. Letting p tend to zero in (3.2) we obtain functions ((a,, f,), ~1,): 
I- P ;< J/- such that a.e. on I, 
a@, 7 i- - f-5) + Y(L , 7 - 6,) - (4V”), 7 - 4 2 0, (7,~) E P, (4.3a) 
Y(+J,), ‘(4) + (0” , 44) = (f, 4 w E Y, (4.3b) 
40) = 0, 5,(O) = 0, (4.3c) 
satisfying for v > 0 the following estimates, 
Au, , Sv)liLmtHj G C, (4.4) 
:/(o”’ , t”yLqH) -< c. (4.5) 
We shall prove that there are linear transformations !M 1-4 My(x, t): Rg + R9 
such that for a.e. t E I, a.e. on 9. 
E(V,) (x, t) = 14!2u”‘(x, t), (4.6) 
/:A41 c, <zg (4.7) 
where :: Nil, = sup{1 MT I/I 7 /: 7 E R9} and C is independent of X, t and V. 
Together with (4.5), this will prove that 
so that using Korn’s inequality (1.3), 
The theorem then follows from (4.4) (4.5) and (4.8) by letting Y tend to zero. 
It remains to establish existence of a transformation M satisfying (4.6) and 
(4.7). To this end, let us define 
Qyo(t) = fx E n: F(U”(X) t), [“(X, t)) = 0). 
Arguing as in Section 2, we conclude from (4.3a) that a.e. on I, 
qx, t) = x 2 (U&,(X, t)) a.e. on Rw 
where 
dY 
5”‘(X, t) = x _ (S&G t)) 
4 
a.e. 011 Ryt), (4.10) 
qx, t) == 0, [“‘(x, t) = 0 a.e. on Q!SZyO(f), (4.11) 
c, = E(V,) - iZu,’ ) (4.12) 
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and h s 4(x, t) > 0. We also have a.e. on I, 
i g (4% 9, ui(x, t)) - g (&(x, 9) f;(x, t) > 0, a.e. on 
To see this, let us first note that (see[l]), 
u,(a) - a,(. - At) 
At 
-+ U”’ in P(R) as At-O. 
Q,oW 
(4.13) 
It follows (see [2]) that for some sequence of positive numbers {At} tending to 
zero, we have a.e. on I, 
q(t) - u,(t - At) 
At 
-+ q’(t) in i7, 
and similarly, a.e. on I, 
as At + 0. Next, since 
W&G 4) - Y(&(x, t)) = 0 
G(u&, t - At)) - Y(&(x, t - At)) < 0 
we get after subtraction 
(4.14) 
wa1”” (4.15) 
a-e. in Qvv> 
a.e. in Qvw 
%4x, 4) - G(uvb, t - At)) _ Y(iZ(x, 9) -A;(t(s, t - At)) 
At 
> o 
a.e. on aYt). 
Letting At tend to zero in this inequality using (4.lc), (4.2), (4.14) and (4.15), we 
obtain the desired inequality (4.13). 
Let us now write for shortg = (aG/&) (a,(~, t)), z = s(x, t) and U’ = uv’(x, t), 
regarding these vectors as column vectors in Rg, and y = (dY/d~) (&(x, t)) and 
e = &‘(x, t). For z a column vector let z* be the corresponding row vector. 
Also, let 3 be the matrix of the inverse of the linear transformation A. Using 
this notation we obtain from (4.12) (4.13), (4.10) and (4.9) that for a.e. t ~1, 
a.e. on !&O(t), 
so that 
g*& = g*u’ + g*& > ye + g*& = Ay2 + Ag*Ag, 
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Thus, by (4.9) we have for some 0 with 0 < 6 < 1, 
i.=gh=8g~&l gg*J 
y2 + g*& 
E -. : DE, (4.16) 
with obvious definition of D. Recalling (4.12), we therefore have 
Au’ = E, - z, = [I - D] E, a.e. on f&T% (4.17) 
where I is the identity matrix. Now, it is easy to see that the eigenvalues of the 
symmetric matrix D are 
p=e g*& 
.v2 + g*Ag 
or p =o. 
Since by (4.2) and (4.lc), / g 1 < C and 1 y 1 > d, we have 
C 
lPldd+c<l. (4.18) 
Therefore I - D is nonsingular and 
!!(I - D)-l I\ < C. 
By (4.1 l), (4.12) and (4.17) we have that a.e. on I, 
<(et,) = Au,’ 
+J = (I - D)-l Au”’ 
Thus, finally defining 
a.e. on 
a.e. on 
M===A on Q\Qvv), 
M = (I - D)-1 A on Qvw 
we see that (4.6) and (4.7) are satisfied. 
To prove uniqueness we recall that (a, 5) is unique. Since a relation of the form 
(4.6) holds also after passage to the limit, we conclude that v is uniquely deter- 
mined in L*(V). This completes the proof of Theorem 2. 
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